Introduction
Let D = (V (D), E(D)) be a digraph, where V (D) = {1, 2, . . . , n} and E(D) are the vertex set and arc set of D, respectively. A digraph D is simple if it has no loops and multiple arcs. A digraph D is strongly connected if for every pair of vertices i, j ∈ V (D), there are a directed path from i to j and a directed path from j to i. In this paper, we consider finite, simple strongly connected digraphs, simply, strongly connected digraphs. We follow [1, 2, 3] for terminology and notations.
Let D be a digraph. If two vertices are connected by an arc, then they are called adjacent. be the average 2-outdegree of the vertex i.
Let
− → P n and − → C n denote the directed path and the directed cycle on n vertices, respectively. Let M be an n × n nonnegative matrix, λ 1 , λ 2 , . . . , λ n be the eigenvalues of M. It is obvious that the eigenvalues can be complex numbers since M is not symmetric in general.
We usually assume that |λ 1 | ≥ |λ 2 | ≥ . . . ≥ |λ n |. The spectral radius of M is defined as ρ(M) = |λ 1 |, i.e., it is the largest modulus of the eigenvalues of M. Since M is a nonnegative matrix, it follows from the Perron Frobenius Theorem that ρ(M) is a real number. The spectral radius and the signless Laplacian spectral radius of undirected graph are well treated in the literature, see [6, 7, 8, 9, 10, 17, 19] and so on, but there is not much known about digraphs. Recently, R.A. Brualdi wrote a stimulating survey on the spectra of digraphs [4] . Furthermore, some upper or lower bounds on the spectral radius or the signless Laplacian spectral radius of digraphs were obtained by the outdegrees and the average 2-outdegrees [5, 8] . Some extremal digraphs which attain the maximum or minimum spectral radius and the distance spectral radius of digraphs with given parameters, such as given connectivity, given arc connectivity, given dichromatic number, given clique number, given girth and so on, were characterized, see e.g. [11, 12, 14, 15, 16] .
In [5] , S. Burcu Bozkurt and Durmus Bozkurt gave some sharp upper and lower bounds for the signless Laplacian spectral radius as follows:
The paper is organized as follows: we give a new sharp upper bound of the signless Laplacian spectral radius with outdegree sequence among strongly connected digraphs and compare the bound with some known bounds in Section 2; In Section 3, we give some graph transformations on digraphs which are useful to the proofs of our main results; In Section 4, we characterize the digraph which minimizes the signless Laplacian spectral radius with given clique number; In Section 5, we characterize the digraph which minimizes the signless Laplacian spectral radius with given girth and determine the unique digraph with the second, the third and the fourth minimum signless Laplacian spectral radius among all strongly connected digraphs; In Section 6, we study the maximum signless Laplacian spectral radius with given vertex connectivity among all strongly connected digraphs, describe the extremal digraph set and the value of the signless Laplacian spectral radius of such digraphs, deter-mine the unique digraph with the second maximum signless Laplacian spectral radius among all strongly connected digraphs, and conjecture the digraph which maximizes the signless Laplacian spectral radius with given vertex connectivity. In Section 7, we determine the unique digraph which achieves the second minimum (or maximum), the third minimum, the 2 Bounds on the signless spectral radius of digraphs
In this section, we first give the maximal and minimal signless spectral radius of digraphs.
Then we give a new sharp upper bound of the signless Laplacian spectral radius among all simple digraphs and compare them with the upper bounds given in [5] as inequalities (1.1)-(1.4). The technique used in the result is motivated by [8, 17] et al.
If A is an n × n nonnegative matrix with the spectral radius ρ(A) and row sums r 1 , r 2 , . . . , r n , then min 
and for 2 ≤ l ≤ n, 
Proof. Firstly, we show q(D) ≤ φ l for all 1 ≤ l ≤ n. 
Let U = diag(x 1 , . . . , x l−1 , 1, . . . , 1) be an n × n diagonal matrix, where Let r i (B) (i = 1, 2, . . . , n) be the row sums of B. Now we show r i (B) ≤ φ l for any 1 ≤ i ≤ n.
with equality if and only if (1) and (2) hold: (1)
with equality if and only if (3) and (4) hold: (3) d
Hence by Lemma 2.1,
Combining the above two cases,
Let D be a strongly connected digraph, and φ s = min 1≤l≤n {φ l } for some s ∈ {1, 2, . . . , n}. Note that r 1 (B) = · · · = r n (B) = φ s if and only if B satisfies the following four conditions:
Thus we only need to show (a)-(d) hold if and only if D is regular or there exists an integer
t with 2 ≤ t ≤ s such that d
hold, we consider the following cases. Subcase 2.1:
) for all i ∈ {1, 2, . . . , n} and all k ∈ {1, 2, . . . , t − 1}\{i}, That implies d
, the result follows. If there exists some t with 2 ≤ t ≤ s such that d
and (i, k) ∈ E(D) for all i ∈ {1, 2, . . . , n} and all k ∈ {1, 2, . . . , t − 1}\{i}, thus (a), (b), (c), (d) hold. Therefore, r i (B) = φ s for all i ∈ {1, 2, . . . , n} and thus by Lemma 2.1,
, by directly calculating, we see that the bound of (2.1) is better than the bounds of (1.1)-(1.4) in [5] (see Table 1 ) because
Example 2.9. Let D 1 as shown in Fig.1 . For D 1 , the outdegree sequence is 3 = d
by Theorem 2.7. We can see from Table 1 that the bound of (2.1) is better than the bounds of (1.1)-(1.4) in [5] because q(
However, we also see that the bound of (2.1) is not better than the bounds of (1.2)-(1.3)
in [5] for any digraph. For example, let D 2 and D 3 as shown in Fig.1 . For digraph D 3 , the upper bounds of (1.2)-(1.3) and (2.1) are equal to 3; and for digraph D 2 , the upper bounds of (1.2)-(1.3) are less than the upper bound of (2.1).
•
. . .
. . . Table 1 . The upper bounds for digraphs
Some graph transformations on digraphs
In this section, we present some graph transformations on digraphs which are useful for the proof of the main results.
, Chapter 2) Let A be an n × n nonnegative matrix with the spectral radius
Furthermore, if A is irreducible and αx < Ax, then α < ρ(A).
In the rest of this section, let x = (x 1 , x 2 , . . . , x n ) T be the unique positive unit eigenvector corresponding to q(D), while x i corresponds to the vertex i. Proof. Now we show ( The following result follows from Lemma 3.3 in terms of digraph.
Corollary
Proof. Since D is a strongly connected digraph and
Corollary 2.5. Therefore, for any i ∈ {2, 3, . . . , l − 1}, we have
Let D uv denote the simple digraph obtained from D by deleting arc (u, v), identifying u with v of D and deleting the multiple arcs.
and
H has exactly two strongly connected components, one is the isolated vertex u i , the other is
On the other hand, for any i ∈ {2, 3, . . . , l − 1}, by Lemma 3.5 and d
by Theorem 3.2, and thus q(
Then the following result follows from Theorem 3.6. 4 The minimum signless Laplacian spectral radius of digraphs with given clique number Let C n,d denote the set of strongly connected digraphs on n vertices with clique number
By Corollary 2.6, for any D ∈ C n,1 , q(D) ≥ q( − → C n ) = 2 with equality if and only if D ∼ = − → C n . Thus we only discuss the cases 2 ≤ d ≤ n − 1.
), E(B n,d )) be a digraph obtained by adding a directed
(as shown in Fig.2 ), where
. In this section, we will show that B n,d is the unique digraph with the minimum signless Laplacian spectral radius among all digraphs in C n,d where 2 ≤ d ≤ n − 1. T be the unique positive unit eigenvector corresponding to q = q(B n,d ), while x i corresponds to the vertex u i . By Theorem 3.2, we only need to show x 1 > x n−d+2 . 
since Corollary 2.5 and
Let x = (x 1 , x 2 , . . . , x n ) T be the unique positive unit eigenvector corresponding to q(B n,d ), while x i corresponds to he vertex u i . Then x 2 < x 3 < · · · < x n−d+2 by Lemma 3.5.
It is easy to check that H has n − d + 1 strongly connected components, one is
} which has multiple arcs (u 1 , u n−d+2 ), and the others are isolated vertices u 2 , u 3 , . . . , u n−d+1 . Then q(H) = q(H 1 ) by Corollary 3.4.
Let q = q(H 1 ) and y = (y 1 , y 2 , . . . , y d ) T be the unique positive unit eigenvector corresponding to q. Then for any two vertices u, v ∈ V (
Thus y u = y v , it implies y s = y u for any s ∈ V (
Then we have q 2 − (3d − 3)q + (2d 2 − 4d) = 0, and q = 3d−3+
Remark 4.4. Since the outdegree sequence of B n,d is d
by Theorem 2.7.
From Lemma 4.3, we immediately get the following corollary.
Proof. Since 2d − 2 < 3d−3+
5 The minimum signless Laplacian spectral radius of digraphs with given girth
Let g ≥ 2 and G n,g denote the set of strongly connected digraph on n vertices with girth
Thus we only need to discuss the cases
Let 2 ≤ g ≤ n − 1 and C n,g = (V (C n,g ), E(C n,g )) be a digraph obtained by adding a directed path Fig.3 ), where V (C n,g ) = {u 1 , u 2 , · · · , u n }, and u 1 ), (u n , u 1 )}. Clearly, C n,g ∈ G n,g . In the rest of this section, we will show that C n,g achieves the minimum signless Laplacian spectral radius among all digraphs in G n,g . We also determine the digraphs which achieve the second, the third and the fourth minimum signless Laplacian spectral radius among all digraphs.
•u n •ug+1
•ug−1 Fig.3 . The digraphs C n,g and C ′ n,g . Fig.3 ) and x = (x 1 , x 2 , . . . , x n )
T be the unique positive unit eigenvector corresponding to q(C n,g ), while x i corresponds to the vetex u i . Then
= 1 where i ∈ {1, 2, . . . , g − 1, g + 1, . . . , n}, then by Lemma 3.5, we have x g+2 < · · · < x n < x 1 < · · · < x g and x g+1 < x g+2 , thus x g+1 < x g+2 < · · · < x n < x 1 < x 2 < · · · < x g .
Since C ′ n,g is strongly connected and x 1 < x g , then q(C ′ n,g ) > q(C n,g ) by Theorem 3.2.
with equality if and only if D ∼ = C n,g .
Proof. Since D ∈ G n,g , then − → C g is the proper subdigraph of D and thus q(D) > 2 = q(C g ).
Without loss of generality, we let
Since D ∈ G n,g is strongly connected, then delete vertices or arcs of D such that the resulting subdigraph is denoted • u g+l−2 
) by Lemma 5.1.
Insert n − g − l + 2 vertices to − → P l such that the resulting digraph, denoted by H ′ . Clearly, H ′ is strongly connected. By using Corollary 3.7 n − g − l + 2 times, we have q(H) ≥ q(H ′ )
with equality if and only if H ∼ = H ′ .
Subcase 2.1: t = 1.
In this case,
with equality if and only if
Combining the above arguments, q(D) ≥ q(C n,g ) with equality if and only if D ∼ = C n,g .
Proof. It is clear q( − → C n ) = 2 and q(C n,n−1 ) > 2.
For any g with 2 ≤ g ≤ n − 1, note that the outdegree of C n,g is d
Now we only need to show that q(C n,g+1 ) < q(C n,g ) for 2 ≤ g ≤ n − 2.
Let x = (x 1 , x 2 , . . . , x n ) T be the unique positive unit eigenvector corresponding to q(C n,g+1 ),
Similar to the proof of lemma 5.1, we have x 1 < x 2 , then q(C n,g+1 ) < q(C n,g ) by Theorem 3.2.
In [13] , the authors defined θ-digraph as follows. The θ-digraph consists of three directed paths P a+2 , P b+2 and P c+2 such that the initial vertex of P a+2 and P b+2 is the terminal vertex of P c+2 , and the initial vertex of P c+2 is the terminal vertex of P a+2 and P b+2 , denoted by
, and Corollary 2.6, we know that − → C n is the digraph which achieve the minimum signless Laplacian spectral radius among all strongly connected digraphs on n ≥ 4 vertices. Now we will show θ(0, 1, n − 3) (that is, C n,n−1 ), θ(1, 1, n − 4), θ(0, 2, n − 4) (that is, C n,n−2 ) are the digraphs which achieve the second, the third and the fourth minimum signless Laplacian spectral radius among all strongly connected digraphs on n ≥ 4 vertices, respectively.
•u 2 Theorem 5.4. Let n ≥ 4. Then θ(0, 1, n − 3), θ(1, 1, n − 4), θ(0, 2, n − 4) are the digraphs which achieve the second, the third and the fourth minimum signless Laplacian spectral radius among all strongly connected digraphs on n vertices, respectively.
Proof. By G n,n = { − → C n } and Theorems 5.2∼5.3, it is clear that C n,n−1 ∼ = θ(0, 1, n − 3) is the unique digraph with the second minimum signless Laplacian spectral radius.
Note that G n,n−1 = {θ(0, 1, n − 3), θ(1, 1, n − 4), θ} and 2 = q( − → C n ) < q(θ(0, 1, n − 3)) < min{q(θ(1, 1, n − 4)), q( θ), q(θ(0, 2, n − 4))}, we only need to show that q(θ(1, 1, n − 4)) < q(θ(0, 2, n − 4)) < q( θ) by Theorems 5.2∼5.3.
Let P θ(1,1,n−4) (x), P θ(0,2,n−4) (x), P θ (x) be the signless Laplacian characteristic polynomial of θ(1, 1, n − 4), θ(0, 2, n − 4) and θ, respectively. By directly calculating, we have
When x > 2, we note that
Then q(θ(1, 1, n − 4)) < q(θ(0, 2, n − 4)) < q( θ).
6 The maximum signless Laplacian spectral radius of strongly connected digraph with given vertex connectivity
In this section, we will discuss the maximum signless Laplacian spectral radius of strongly connected digraph with given vertex connectivity, and propose some open problem.
Let D n,k denote the set of strongly connected digraphs on n vertices with vertex connec-
K n }. Now we only need to discuss the cases Fig.6 ). and any v ∈ V (D 2 ). Denote the new digraph by H. Since D is k-strongly connected, then 
2n − 2m − 2, if 0 < n < 3m. Now we will show there exists a condiction since n + m + k − 2 ≤ q(D ′ ) < q(D). When n ≥ 3m, there is a contradiction by n + m + k − 2 < q(D) < n + m − 2; when 0 < n < 3m, there is also a contradiction by n + m + k − 2 < q(D) .
Since D n,n−1 = { ←→ K n }, we know − → K (n, n − 2, 1) is the unique digraph which achieves the maximum signless Laplacian spectral radius in D n,n−2 by Remark 6.4 or Theorem 6.5.
Thus we can proposed the following conjecture and we have seen that when k = n − 2, the conjecture is true. 7 Some notes on the spectral radius of strongly connected digraphs
In Section 3 ∼ Section 6, we use some similar technique which applied in [15] . Although there are some defects in Section 2 ∼ Section 3 in [15] which can be revised by similar proofs of this paper, the results are well done and there are some useful techniques which can be used to study strongly connected digraphs. Now in this section, we only show that there are more results can be obtained on the spectral radius of strongly connected digraphs.
Note that − → C n is the unique digraph with the minimum signless Laplacian spectral radius among all strongly connected digraphs on n vertices. In [13] , the authors characterized the extremal digraphs which achieve the maximum and minimum spectral radius among all strongly connected bicyclic digraphs, and they proposed the following open problem.
Problem 7.1. Is the digraph θ(0, 1, n − 3) achieving the second minimum spectral radius among all strongly connected digraphs?
We confirm Problem 7.1 and we can obtain more by the similar proofs of Theorems 5.3∼5.4.
Theorem 7.2. Let n ≥ 4. Then ρ( − → C n ) < ρ(C n,n−1 ) < ρ(C n,n−2 ) < · · · < ρ(C n,2 ).
Theorem 7.3. Let n ≥ 4. Then θ(0, 1, n − 3), θ(1, 1, n − 4), θ(0, 2, n − 4) are the digraphs which achieve the second, the third and the fourth minimum spectral radius among all strongly connected digraphs on n vertices, respectively.
Note that

←→
K n is the unique digraph which achieves the maximum spectral radius n − 1 among all strongly connected digraphs, we have the following result by Theorem 4.2 in [15] and Lemma 2.3.
Theorem 7.4. Let n ≥ 4. Then − → K (n, n − 2, 1) is the unique digraph which achieves the second maximum spectral radius n−2+ √ n 2 −4 2 among all strongly connected digraphs.
